5 MPEC

e Name

& Learning objectives

« Define mathematical programming with equilibrium constraints (MPEC)

e Define bilevel programming and Stackelberg games

o Formulate and solve MPECs using different methods
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& Hierarchical optimization

Hierarchical optimization (also known as multi-level programming) deals with problems that include
multiple players that sequentially make decisions to maximize their objective functions following a
hierarchical structure. Decisions of players in higher levels (leaders) have an impact on the objective
function or feasible set of players in lower levels (followers).

& Stackelberg game

In the simplest hierarchical optimization problem there are only two decision makers. One player,
called the leader, makes her decisions first and then the other player, called the follower, determines
the optimal reaction to the leader’s decisions. This non-cooperative sequential game is known as
Stackelberg game. Stackelberg games are usually formulated as bilevel programming problems.

& Bilevel programming

Bilevel optimization is a special kind of optimization where one problem is embedded (nested) within
another. The outer optimization problem is commonly referred to as the upper-level problem, and
the inner optimization problem is commonly referred to as the lower-level problem. These problems
involve two kinds of variables, referred to as the upper-level variables and the lower-level variables.
A generic bilevel programming problem can be formulated as follows

min  Fy(z,y)
st. Fi(x,y) <0, i=1,...,.M
Hi(z,y) =0, i=1,...,P
min ol )
sit. fi(z,y) <0, 1=1,....,m
hi(z,y) =0, i=1,...,p

& Important definitions in bilevel programming

 Constraint region Q={(z,y) : Fi(z,y) <0,H;(z,y) =0, fi(z,y) <0,h;(z,y) =0}
o Leader feasible region Of ={x: 3y, (z,y) € Q}

« Follower feasible region O (x) ={y: fi(z,y) <0, hi(x,y) =0}

« Follower reaction set (z) = {y : y € argmin{ fo(z,v') : v € QF (2)}}

o Induced region IR ={(x,y):xz € QL y e Il(x)}

Using these definitions a bilevel problem can be reformulated as a single-level problem as

min  Fy(z,y)
st. (x,y) € IR
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X Example 5-1: Bilevel problem

Given the following bilevel optimization problem

min- —y
st. —zx <=2
min y
y
st. —rx—y< -7
y<9
r—2y<1
6r +y <45

e Draw in the figure below the constraint region 2

o Provide the optimal values of x,y for an hypothetical single level optimization problem con-
sisting of the upper-level objective function and all upper- and lower-level constraints

o Provide the optimal values of x,y for an hypothetical single level optimization problem con-
sisting of the lower-level objective function and all upper- and lower-level constraints

« Draw the leader feasible region QF

o Draw the follower feasible region for x = 6

o Draw the follower reaction set for x = 6

o Draw the induced region IR. Is the IR a convex set?

o Provide the optimal values of x,y for the original bilevel problem

10 \
9
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& Reformuation of bilevel problem as single-level optimization

If the lower-level is a convex optimization problem and satisfies some constraint qualification, then
it can be replaced by its KKT conditions as follows

min  Fy(z,y)

x7y7A7V

st. Fi(x,y) <0, i=1,....,.M
' P

m p
Vyf()(x?y) + Z )‘Zvyfz('xvy) + Z Vivyhi(xsz = 0
i=1 i=1

)\zfz(xay):07 Vi=1,...,m

This single-level optimization problem is usually referred to as mathematical program with comple-
mentarity conditions (MPCC).

X Example 5-2: Convexity of MPCC

For affine functions F;(x,y), H;(x,y), fi(z,y), hi(x,y), is the MPCC formulated above a convex op-
timization problem? Is there any strictly feasible point?

& Mangasarian—Fromovitz constraint qualification (MFCQ)
Let us have the following optimization problem

min  fo(z)

st. fi(x) <0, i=1,...,m

We say that MFQC holds at a point z if the equality constraint gradients are linearly independent
at that point and there exists a vector d € R" such that

Vhi(#)'d=0, i=1,...,p
V@) 'd<0, Vie A7)
where A(Z) represents the set of active inequality constraints for 7.

MFQC ensures that there exists a feasible path and therefore it is a common requirement in algo-
rithms to solve non-linear optimization problems.
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& MFQC is violated at any feasible point of a MPCC
Let us have the following generic MPCC

min  fo()
st. filz) <0, i=1,...,p
hl(ﬂf):O, 2:1,,q
0< Fy(x) L Hy(z) >0, i=1,...,r
where z € R", fo - R" - R, f; : R" - R, h; : R" - R F; : R" - R, H;, : R® — R. To prove that

MFQC is violated at any feasible point ¥ we take one complementarity condition and consider the
three following cases:

e Fi(z) >0 = H;(Z)=0
Since constraint H;(Z) > 0 is active, then
VH()"d <0
Additionally, for the equality constraint F;(Z)H;(z) = 0 we have

V(F(3)H,(%)) d=0 = (VE(&)H,(&) + F,(&)VH,(#) d=0 =
(F(2)VHy(2))" d=0 = VH(&)"d=0

There is no d € R™ that satisfies both conditions simultaneously.

e H(¥)>0 = F() =0

Therefore, any feasible point z violates MFQC.
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X Example 5-3: Single level formulation of bilevel problem

Reformulate the bilevel problem of Example 5-1 as a single-level optimization problem.

O  Solving example 5-3 (Bilevel.gms)

Use GAMS to solve the problem formulated in example 5-3. You can use the non-linear solver
CONOPT. Did you obtain the global optimal solution? In case you did not obtain the global
optimal solution, set the level of the variables z and y to a value close enough to the optimal one
before the SOLVE statement. Did you obtain the optimal solution now?

& Product of binary and continous variable

Let p be a continuous variable with lower and upper bound p and p, respectively. Let = be a binary
variable. Then the product
z=2xp

can be equivalently formulated as the following set of linear equalities and inequalities

z=p—r
:E]_nggxg_?
l-2)p<r<(1-2)p

where r is an auxiliary continuous variable.
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X Example 5-4: Linear bilevel problem (LBP) with binary upper-level variables

Let us have the following Linear bilevel optimization problem with x € Z™, y € R" and = € {0, 1}
mxin clo+dly
st. Aix+ By <e

: T T
min Cor+dyy

s.t.  Asx+ Boy < ey

where ¢y, dq, A1, By, e1, ¢, da, Ag, Bo, €5 are vectors and matrices of the appropriate dimensions. For-
mulate the equivalent single-level problem replacing the lower-level problem by the KKT conditions.
Identify the products of variables. Can you solve that problem as a mip? and as a nlp? Then
formulate another single-level problem but use the primal-dual formulation discussed at the end of
Block 2. Identify the products of variables. Can you solve that problem as a mip? and as a nlp?
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& Mathematical Programming with Equilibrium Constraints (MPEC)

Mathematical Programming with Equilibrium Constraints includes those optimization problems in

which some of the constraints are formulated as variational inequalities or complementarity problems.
An MPEC can be formulated as follows

min  fo()
st. filz) <0, i=1,...,p
hz(fﬂ):O, ’L:L,q
0< Fy(z) L Hy(x) >0, i=1,...,7r

where r e R™", fo: R" > R, f; :R" >R, h; :R*" >R, F;: R" - R, H; : R" — R.

X Example 5-5: Relation between bilevel programming and MPEC

Can all bilevel problems be equivalently formulated as MPEC? Can all MPECs be equivalently
formulated as bilevel problems?
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& Methods to solve MPEC (I)

Let us have the following MPEC problem

min  fo(7)
st. fi(x) <0, i=1,....p
hi(x)=0, i=1,...,q

0< Fi(z) LHiz)>0, i=1,...,r

where r e R", fo :R" - R, f; ' R" - R, h; : R" > R, F;,:R" - R H,;, : R" = R.
The different methods to solve this MPEC basically depend on the way the complementarity condi-
tions Fj(z)H;(z) = 0 are handled. We present below four different methods

1. Non-linear formulation. This method consists on formulating the MPEC as a non-linear opti-
mization problem and solve it using a non-linear optimization software.

min - fo(2)

st. file) <0, i=1,...,p
hi(x) =0, i=1,...,q
Fi(x) >0, i=1,...,r
Fi(x)Hj(x) =0, i=1,...,r

2. Regularization. This method consists on relaxing the complementarity conditions and iterating
until >, F;(z)H,(x) is small enough as follows.

Step 1) Set t + 10?

Step 2) Solve the following non-linear optimization problem that satisfies MFCQ

min  fo(z)

x

st. filz) <0, i=1,...,p

Step 3) Set t < t/10

Step 4) If ¢ is lower than tolerance, stop. Otherwise, go so Step 2).
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& Methods to solve MPEC (II)

3. Use of SOS1 variables. This method makes use of Special Ordered Sets of type 1 (SOS1 or S1)
that are a set of variables for which at most one of them takes a strictly positive value, being
all others equal to 0. We use a SOS1 denoted as s; to reformulate the MPEC as follows

min Jfo(z)

st. filz) <0, i=1,...,p

hi(x) =0, i=1,...,q
Fi(x) >0, i=1,...,r
si ={Fi(z),Hy(x)}, i=1,...,r
Hi(x) >0, i=1,...,r

4. Fortuny-Amat method. This method uses a vector of binary variables denoted as v € B™ and
a large constant M to reformulate the MPEC as follows

hi(x) =0, i=1,...,q

Fi(x) >0, i=1,...,r

Fi(zx) <uM, i=1,...,r
Hi(z) <(1l—w)M, i=1,...,r
Hi(x) >0, i=1,...,r

w; € {0,1}, i=1,...,r

X Example 5-6: Fill in the following table with the advantages and disadvantages of
each method to solve MPECs

Method Advantages Disadvantages

Non-linear

Regularization

SOS1 variables

Fortuny-Amat
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X Example 5-7: Linear bilevel programming: single-level non-linear reformulation

Given the following linear bilevel programming problem

rrgrin clx+diy
st. Aix+ By <e;
x>0
m;n cyx+dyy
s.t. Asx+ Boy <ep: A
y=>0:y

where x € R",y €,¢c; € R*,d; €,A; e RPxR", B; € RPx,e; € RP,co € R”,dy €,A5 e RIXR" B, €
R9%, ey € RY and A,y are the Lagrange multipliers, provide its single-level non-linear reformulation.
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X Example 5-8: Linear bilevel programming: regularization method
Given the following linear bilevel programming problem
min clz+dly
st. Aix+ By <e;
x>0
min  clx +diy
y
st. Asx+ Boy <ep: A
y=0:7v

where x € R",y €,¢c; € R*,d; €,A; € RP x R*,B; € RPx,e; € RP,¢c, € R*,dy €,A, € RY x
R*, By, € RY9%,e; € RY and A,~ are the Lagrange multipliers, explain how to solve it using the

regularization method. Provide the complete formulation of any optimization problem to be solved
in the regularization method.
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X Example 5-9: Linear bilevel programming: SOS1 reformulation

Given the following linear bilevel programming problem

Hgn clx+diy
st. Aix+ By <e;
x>0
m;n cyx+dyy
st. Asx+ Boy <ep: A
y=>0:7v

where x € R",y €,¢c; € R*,d; €,A; e RPxR" B; € RPx,e; € RP, ¢y € R”,dy €,A5 e RIXR" B, €
R9%, ey € RYand A, v are the Lagrange multipliers, provide its single-level reformulation using special
order sets of type 1.
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& Example 5-10: Linear bilevel programming: Fortuny-Amat reformulation

Given the following linear bilevel programming problem

min clz+dly

st. Aix+ By <e;
x>0
min x4+ dsy

y
s.t. Asx+ Boy <ep: A
y=>0:y
where x € R",y €,¢c; € R*,d; €,A; e RPxR", B; € RPx,e; € RP,co € R",dy €,A5 e RIXR" B, €

R9% e; € RY and A,y are the Lagrange multipliers, provide its single-level mixed-integer linear
reformulation using the Fortuny-Amat approach.
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8 Solving MPECs with GAMS (LinBilevel.gms)

Solve the linear bilevel problem in Example 5-7 using GAMS. You have to randomly generate the
elements of all matrices and vectors as follows:

cr=|N,n)| d=|N(1,m)| A =N(p,n) By =N(p,m) e =N(p,1)
C2 = \N(l,n)] d? = |N(17m)’ A2 :N(Q7n) BQ :N(Q7m) €2 :N(Qa 1)

where N (i,7) denotes a ¢ X j matrix in which each element is randomly generated according to a
standard normal distribution with mean and variance equal to 0 and 1, respectively. You have to
solve the problem using the following methods:

1. Using just an MPEC solver (Check the available MPEC solvers for GAMS)

2. Using the non-linear formulation of Example 5-7

3. Using the regularization method of Example 5-8

4. Using SOS1 as described in Example 5-9

5. Using the Fortuny-Amat approach of Example 5-10 with M = 1

6. Using the Fortuny-Amat approach of Example 5-10 with M = 100

7. Using the Fortuny-Amat approach of Example 5-10 with M = 100000
GAMS advices:

o [ highly recommend to code all the models in the same GAMS file. Keep in mind that the only
different between the formulations in Examples 5-7, 5-8, 5-9, 5-10 is the way complementarity
conditions are handled. So the objective function and most constraints are the same in all
models.

e Use CPLEX and CONOPT as solvers for mip and nlp models, respectively.

o As we discussed, the performance of non-linear solver depends on the initial point. To evaluate
all non-linear solvers in the same conditions make sure you set the initial values of all variables
to 0 before each SOLVE statement in GAMS.

o Include the following code line at the beginning of your GAMS file so that we all obtain the
same randomly generated matrices and results: execseed = 504553610;

o To generate randomly generated numbers that follow a normal distribution you have to use
the command normal(mean,sd). For example: PARAMETER Al(p,n); Al(p,n)=normal(0,1);

e Remember that you need one SOS1 variable for each complementarity condition

o Remember that for the Fortuny-Amat approach you need one binary for each complementarity
condition

o GAMS stops after 1000 seconds running and return solvestat equal to 3.

* You can obtain the modelstat and time using ModelName.modelstat and ModelName.resusd,
respectively
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8 Solving MPECs with GAMS (LinBilevel.gms)

Fill in the table below for n = m = 20, p = ¢ = 10. If a model is infeasible, then write INFES in the
optimal value row.

Method Optimal value Time (seconds)

MPEC
NLP
NLP-REG
SOS1
FA-1
FA-100
FA-100000

Fill in the table below for n = m = 100,p = ¢ = 50. If a model is infeasible, then write INFES in
the optimal value row.

Method Optimal value Time (seconds)

MPEC
NLP
NLP-REG
SOS1
FA-1
FA-100
FA-100000

Comment on the results above.
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X Example 5-11: Generation expansion of power producers (II)

In Example 4-13 we formulated a single-level optimization model to determine the optimal capacity
and production level of a power producer. In this example we will formulate this problem in a
different way as following:

1) For known values of the generation capacities, write down the equilibrium problem corresponding
to a set of price-taker power producers (similar to Example 4-9). Assume that minimum production
levels are equal to zero (z, = 0), a linear production cost function (a, = ¢, = 0) and a linear inverse
demand function (p = ay — B; Y-, Tg1)-

2) Now formulate an optimization problem that determines the optimal capacity of a given generator
T4 subject to the market equilibrium of price-takers power producer. Assume also a linear investment
cost function such as C; = 1,@,. Which type of problem did you obtain?
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O Solving Example 5-11 with GAMS (CapExpMPEC.gms)

Given the following data

Unit z, Ty by ig
a1 0 - 10 100
g 0 5 20 ;
t 131 to i3 121 ts te t7 is 1) t10

o 10 20 30 40 20 60 70 30 90 100

Bt - 1, Vt

1) First, use your code CournotEqui.gms to fill in the table below with the profit of g1 for the
perfect competition and the Cournot equilibrium cases. To do so, fix Ty to 50 and Z4; to the
different values of the table. To compute the profit, you have to account both for production
and investment costs of generating unit gl. Note that you will have to modify the code to
consider several time periods. What is the optimal investment decision for each case?

Tg1 2 4 6 8 10 12 14 16 18 20

PerfectCom

CournotEqui

2) Second, determine the optimal capacity of generating unit g; given the capacity of go according
to the single-level problem formulated in Example 4-13. Note that you can do that by solving
the code GenExpEqu.gms with the variable 7,, fixed to 50. Fill in the table below assuming
that both players behave either as price-takers or a la Cournot. Are the optimal investment
equal to the ones obtained in 1)? And the profits? Why?

Model Competition T, profit of ¢
Single-level Perfect competition
Single-level Cournot competition
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O Solving Example 5-11 with GAMS (CapExpMPEC.gms)

3) Finally, code the formulation of Example 5-11 in GAMS (CapExpMPEC.gms). Then solve
this MPEC for the same data above. You can use any of the different methods to solve the
MPEC although I recommend using the Fortuny-Amat approach with a proper value of the
large constants M. Fill in the table below assuming that both players behave either as price-
takers or a la Cournot. Are the optimal investment equal to the ones obtained in 1)? And the
profits? Why?

Model Competition T, profit of ¢;
MPEC Perfect competition
MPEC Cournot competition

4) Which solution do you think is closer to reality, the one provided in 2) or the one provided in
3)? Justify your answer.
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